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Abstract—Discovering trajectory patterns is shown to be very useful in learning interactions between moving objects. Many types of

trajectory patterns have been proposed in the literature, but previous methods were developed for only a specific type of trajectory

patterns. This limitation could make pattern discovery tedious and inefficient since users typically do not know which types of trajectory

patterns are hidden in their data sets. Our main observation is that many trajectory patterns can be arranged according to the strength

of temporal constraints. In this paper, we propose a unifying framework of mining trajectory patterns of various temporal tightness,

which we call unifying trajectory patterns (UT-patterns). This framework consists of two phases: initial pattern discovery and granularity

adjustment. A set of initial patterns are discovered in the first phase, and their granularities (i.e., levels of detail) are adjusted by split

and merge to detect other types in the second phase. As a result, the structure called a pattern forest is constructed to show various

patterns. Both phases are guided by an information-theoretic formula without user intervention. Experimental results demonstrate that

our framework facilitates easy discovery of various patterns from real-world trajectory data.

Index Terms—Trajectory pattern mining, synchronous movement patterns, moving object trajectories, trajectory clustering

Ç

1 INTRODUCTION

TRAJECTORY data are ubiquitous in the real world. Recent
progress on satellite, sensor, RFID, video, and wireless

technologies has made it possible to systematically track
object movements and collect huge amounts of trajectory
data, e.g., animal movement data, ship navigation data, and
person tracking data. Accordingly, there is an ever-increas-
ing interest in performing extensive data analysis over tra-
jectory data [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12],
[13], [14], [15].

Moving objects may show synchronous movement pat-
terns since they often communicate or interact with each
other. There are several kinds of synchronous movement
patterns: for example, a set of moving objects move toget-
her; a set of moving objects chase another set of moving
objects with a small time delay. On the other hand, moving
objects may show asynchronous movement patterns: for
example, a set of moving objects follow the same path every
year. Such trajectory patterns are called collectively as unify-
ing trajectory patterns (UT-patterns) in this paper.

UT-patterns are informally defined as sets of moving
objects that are closely related in terms of location, time, or
both. An example of UT-patterns can be observed in deer
migration since a herd of deer move together at the same
time and thus are always close to each other. Another exam-
ple is wolf predation on wild ungulates since the wolves
chase prey over long distances in open habitat.

It is obvious that mining UT-patterns is very useful since
we can learn interactions between moving objects and pos-
sibly group dynamics. Many applications can benefit from
the UT-patterns. From animal trajectories, zoologists can
learn migration patterns of animals such as deer and elk.
From battleship trajectories, commanders can discover
unknown tactics of the enemy. From soccer-player trajecto-
ries, coaches can guess attack strategies of the opponent
team. From person trajectories, sociologists can discovery
communities of the people who share common interests on
physical location.

Considerable effort has been devoted to discovery of tra-
jectory patterns in data mining and computational geome-
try. A list of well-known studies include flock patterns [4],
[5], [6], [14], [15], convoy patterns [3], swarm patterns [10],
moving clusters [16], [17], time-relaxed trajectory joins [1],
hot motion paths [12], and sub-trajectory clusters [7]. Notice
that each of them corresponds to just one type in a broad
range of trajectory patterns, and previous methods have
been developed to handle only one specific type.

This limitation could make pattern discovery tedious and
inefficient since users typically do not know which types of
trajectory patterns are hidden in their data sets. For exam-
ple, a data set may contain sets of moving objects arriving at
several locations within one-minute intervals, one-hour
intervals, and so on. Thus, one nice way of classifying exist-
ing trajectory patterns is to consider the rigidity of temporal
constraints on the patterns. This observation motivates our
study which develops a framework having the potential
capability of navigating the patterns at all different levels of
temporal tightness.

In this paper, a unifying framework of mining UT-patterns
is proposed, which can cover a broad range of temporal
tightness classified into the three types of Fig. 1. To cover
these three types, the framework goes through two phases:
initial pattern discovery and granularity adjustment. A good set
of initial UT-patterns are discovered in the first phase, and
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their granularities (i.e., levels of detail) are adjusted by split
and merge to detect other types in the second phase. Both
phases are guided by an information-theoretic formula,
based on the minimum description length (MDL) [18] prin-
ciple, and do not require user intervention.

In summary, the contributions of this paper are as follows:

� We develop a unifying framework of mining trajec-
tory patterns of various temporal tightness, which
we call UT-patterns. More specifically, the UT-pat-
terns are classified into three types depending on the
strength of temporal constraints, and our framework
covers all three types.

� We present an algorithm of discovering a good set of
initial UT-patterns for the first phase. To ensure high
efficiency, a stepwise approach is proposed, where
spatial constraints are checked first to filter sub-tra-
jectories, and temporal constraints are examined
only for those satisfying spatial constraints. More-
over, to ensure high quality, the discovery process is
guided by an information-theoretic formula.

� We present an algorithm of adjusting the granularity
of UT-patterns for the second phase. The novel con-
cept of a pattern forest is introduced to represent their
granularity hierarchies, which is constructed by split
and merge of the patterns. The construction process
is controlled by the almost same information-theo-
retic formula as in the first phase.

The rest of the paper is organized as follows. Section 2
discusses related work. Section 3 gives an overview of our
framework. Sections 4 and 5 propose the algorithms for the
first and second phases, respectively. Section 6 presents the
results of experimental evaluation. Finally, Section 7 con-
cludes the study.

2 RELATED WORK

Trajectory patterns can be classified mainly into three types
depending on the tightness of temporal constraints as in
Fig. 2. Flock patterns, convoys, or moving clusters take one
extreme of the spectrum, and sub-trajectory clusters take
the other extreme. As going from right to left on the spec-
trum, temporal constraints become tighter. In addition,
time-relaxed trajectory joins or hot motion paths are placed
between the two extremes. These three types are summa-
rized as follows.

1) Flock patterns [4], [5], [6], [14], [15], convoys [3], ormov-
ing clusters [16], [17]. A flock in a time interval I, where
the duration of I is at least k, consists of at least m

entities such that for every point in time within I,
there is a disk of radius r that contains all the m enti-
ties. The convoy is an extension of the flock using the
concept of density-based clustering. A moving cluster
is a sequence of (snapshot) clusters c1; c2; . . . ; ck such
that for each timestamp i ð1 � i < kÞ, ci and ciþ1 share
a sufficient number of common objects. In Type 1,
objects shouldmove together at the same time.

2) Time-relaxed trajectory joins [1] or hot motion paths [12].
Two trajectories are time-relaxed joined if there exist
time intervals of the same length dt such that the dis-
tance between the locations of the two trajectories
during these intervals is no more than a spatial
threshold ", and the relative matching between the
two trajectories occurs within some time distance. A
hot motion path is a route frequently followed by mul-
tiple objects within a tolerance margin " in the lastW
timestamps. In Type 2, objects may follow other
objects with some time delay.

3) Sub-trajectory clusters [7]. A trajectory is partitioned
into a set of line segments, and these trajectory parti-
tions are grouped into a cluster according to their
spatial similarities only. That is, a sub-trajectory clus-
ter is a set of trajectory partitions that are close to
each other and are heading to a similar direction. In
Type 3, temporal information is not considered at all.

Since the UT-pattern is defined differently from these
existing patterns, it does not really subsume or incorporate
any of the existing patterns. Its most prominent advantage
is that it can fall into any of the three types in Fig. 2, whereas
existing patterns into only one of the three types.

Contrary to the patterns in Fig. 2, several patterns do not
force strong spatial constraints. For example, a swarm [10] is
a group of moving objects containing at leastmino individu-
als who are in the same cluster for at least mint timestamp
snapshots. Since some objects are allowed to leave the cluster
for some time period, the intermediate paths between time-
stamps are not very important differently from a UT-pattern.
As another example, a trajectory pattern [2] is defined as
a sequence of important locations with a transition time

Fig. 1. Three types of UT-patterns supported by our framework.

Fig. 2. A spectrum of existing trajectory patterns.
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between two consecutive locations. Thus, these patterns are
not included in the spectrum of Fig. 2.

The difference from our previous papers [7], [8], [9] is
twofold. First, this unifying framework considers both spa-
tial and temporal information, whereas our previous meth-
ods consider only spatial information. Second, the aims of
these methods are diverse: to find UT-patterns in this frame-
work, to find outlying trajectories in the partition-and-detect
framework [8], and to predict the label of a trajectory in
the TraClas method [9]. However, the partition-and-group
framework [7] is used for preprocessing in this framework.

More studies on trajectory patterns are presented in
Appendix A (supplemental material, which can be found
on the Computer Society Digital Library at http://doi.
ieeecomputersociety.org/10.1109/TKDE.2014.2377742).

3 UT-PATTERN MINING

3.1 Problem Statement

The input of our framework is a set of trajectories I ¼
fTR1; . . . ; TRnumtrag. A trajectory is a sequence of the loca-
tions of an object at each timestamp and is denoted as
TRi ¼ p1p2 . . . pj . . . pleni . Here, pj (1 � j � leni) is a point

ðxj; yj; tjÞ in a three-dimensional space, where ðxj; yjÞ indi-
cates the location of the object at the time tj. The length leni

of a trajectory can be different from those of other trajecto-
ries. A trajectory pc1pc2 . . . pck (1 � c1 < c2 < � � � < ck � leni,

where ck ¼ ck�1 þ 1) is called a sub-trajectory of TRi. A trajec-
tory partition is a line segment pipj (i < j), where pi and pj
are the points chosen from the same trajectory.

The output of our framework is a set of UT-patterns
O ¼ fUT1; . . . ; UTnumpatg. A UT-pattern is a set of trajectory

partitions with a reference movement. Trajectory partitions
that belong to the same UT-pattern are close in terms of
location and time according to a similarity function. A refer-
ence movement is a line segment, where the first point is the
starting location and time of the overall movement, and the
second point the ending location and time. In summary, a

UT-pattern is UTi ¼ h Ri
�!

;Lii, where Ri
�!

is the reference
movement, and Li the set of trajectory partitions.

Example 1. Fig. 3 illustrates an example of UT-patterns on a
set of trajectories whose movements are similar. The
upper three objects and the lower three ones moved at
different times, so the two groups belonged to different
UT-patterns. Besides, the lower three objects stayed at a
particular point for a long time, so the former part and
the latter part belonged to different UT-patterns. The ref-
erence movements are displayed as the background
arrows. Overall, UT1 � UT3 are discovered from the six
sub-trajectories.

3.2 Overall Framework

Algorithm 1 shows the skeleton of our pattern mining
algorithm. It executes two sub-algorithms (Lines 6 and 12):
the first one generates a good set of initial UT-patterns for
each sub-trajectory cluster; and the second one constructs a
pattern forest by splitting and merging them. The two sub-
algorithms will be explained in Sections 4.5 and 5.3, respec-
tively. Optionally, the UT-patterns in the forest are marked
explicitly as one of the three types.

Algorithm 1. UT-Pattern Mine

INPUT: A set of trajectories I ¼ fTR1; . . . ; TRnumtrag
OUTPUT: A set of UT-patterns

O ¼ fUT1; . . . ; UTnumpatg
1: /* PHASE I: INITIAL PATTERN DISCOVERY */
2: Perform sub-trajectory clustering over I based on the parti-

tion-and-group framework [7];
3: Get a set Call of sub-trajectory clusters;
4: for each C 2 Call do
5: /* Algorithm 2 */
6: Execute Initial Pattern Generation over C;
7: Get a set P of UT-patterns as the result;
8: Accumulate P into a set Pall;
9: end for
10: /* PHASE II: GRANULARITY ADJUSTMENT */
11: /* Algorithm 3 */
12: Execute Pattern Forest Construction over Pall;
13: Return the set of UT-patterns in the forest;
14: /* OPTIONAL */
15: Classify the UT-patterns into the three types;

Sub-trajectory clustering is performed as preprocessing.
Notice that only spatial constraints are verified at this stage,
and trajectory partitions that do not satisfy spatial constraints
are thrown away since they cannot be part of the result.
While executing the sub-algorithms, temporal constraints are
checked among only the trajectory partitions that remain
after preprocessing. The general approach of first consider-
ing spatial constraints and then temporal constraints is also
found in time-focused clustering [11] since handling both
constraints at the same time is inherently difficult.

4 INITIAL PATTERN DISCOVERY

4.1 Stepwise Approach

The phase of initial pattern discovery is processed in two
steps as shown in Fig. 4. First, sub-trajectory clusters in the
ðX;Y Þ-space are discovered based on the partition-and-
group framework [7] without considering temporal constraints.
A sub-trajectory cluster is a set of trajectory partitions that
moved close together in a similar direction. Then, for each
sub-trajectory cluster, initial UT-patterns in the ðlocation;
timeÞ-space are retrieved by considering both spatial and
temporal constraints. Notice that the locations of trajectory
partitions within a particular sub-trajectory cluster can be
represented using one dimension since their directions are
very similar. The first step is explained in Section 4.2, and
the second step in Sections 4.3 � 4.5.

The advantage of this stepwise approach is to improve
efficiency for the following reasons. First, the dimensionality
is reduced from three to two. Second, the search space is
confined to a particular sub-trajectory cluster, not the entire
data set.

Fig. 3. An example of UT-patterns.
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4.2 Sub-Trajectory Clustering

First of all, time-independent patterns are found by sub-trajec-
tory clustering. On the other hand, clustering whole trajec-
tories is not suitable for our problem since similar portions
of the trajectories are not detected. Sub-trajectory clustering
is based on the partition-and-group framework that consists
of two phases as in Fig. 5.

1) The partitioning phase: Each trajectory is partitioned
into a set of line segments (i.e., trajectory partitions)
whenever its moving direction changes rapidly. The
problem of finding the optimal set of such partition-
ing points is formulated by the MDL principle. An
OðnÞ approximate algorithm is proposed to effi-
ciently find the near-optimal partitioning.

2) The groupingphase: Similar line segments are grouped
into a cluster using a density-based clusteringmethod
analogous to DBSCAN [19]. The basic notions of den-
sity-based clustering for points are changed to those
for line segments as in Appendix B (available in the
online supplemental material). There are two parame-
ters that need to be configured: " is determined such
that the size of an "-neighborhood (jN"ðLiÞj) is skewed
among line segments as much as possible, and
MinLns is determined using the average of jN"ðLiÞj at
the optimal value of ".

At the final stage of the grouping phase, a model called a
representative trajectory, which is a sequence of points just
like an ordinary trajectory, is generated for each cluster. It is
an imaginary trajectory that indicates the major movement
pattern of the trajectory partitions belonging to the cluster
and is obtained by calculating the average coordinates of
those trajectory partitions.

4.3 Representation of Trajectory Partitions

Trajectory partitions in the ðX;Y; timeÞ-space are converted
into those in the ðlocation; timeÞ-space. The real interest
here is making the analysis simpler and easier almost with-
out losing accuracy. This is possible because the directions
of trajectory partitions within a cluster are very similar. This
dimensionality reduction is illustrated in Fig. 6. Each end-
point of a trajectory partition is projected onto the average
direction vector [7] of a cluster. Its projection point can be
easily calculated using the rotation matrix. Also note that
the original two-dimensional location can be restored from
this one-dimensional location using the inverse of the rota-
tion matrix. The (inverse) rotation matrix is constructed by
just keeping the angle of the average direction vector for
each cluster. Variations perpendicular to the average direc-
tion vector are usually small, so they can be safely ignored.

Example 2. Suppose the thick trajectory partition in Fig. 6 is
ð2; 1; 3Þð7; 3; 8Þ in the ðX; Y; timeÞ-space, and f ¼ p=6. The
projection points are obtained by multiplying the rota-
tion matrix Rð�p=6Þ to ð2; 1Þ and ð7; 3Þ, which are 2.2 and
7.6, respectively. Thus, the trajectory partition becomes
ð2:2; 3Þð7:6; 8Þ in the ðlocation; timeÞ-space. When we
need to restore the locations in the ðX; Y Þ-space, we mul-
tiply the inverse of Rð�p=6Þ to ð2:2; 0Þ and ð7:6; 0Þ. The
restored locations are ð1:9; 1:1Þ and ð6:6; 3:8Þ, which are
very close to the original locations.

4.4 Information-Theoretic Formulation

Once all trajectory partitions in a sub-trajectory cluster are
represented in the ðlocation; timeÞ-space, the next step is to
find a set of reference movements that best capture the under-
lying patterns of those trajectory partitions. Then, every tra-
jectory partition is allocated to the closest reference
movement according to a similarity measure. More specifi-
cally, we try to maximize the compression of the trajectory
partitions using the set of reference movements.

This approach provides two major advantages. First, it
has no parameter to be specified by users. Second, it returns
a natural partitioning of a sub-trajectory cluster owing to
the intuitive information-theoretic principle of maximizing
the data compression [20]. These advantages are essential to
our problem since users do not know the number of UT-pat-
terns and their sizes either.

4.4.1 Similarity Measure

A similarity measure between line segments is required for
quantifying the degree of data compression. Here, we use
the similarity function developed in our earlier work [7],Fig. 5. An overall procedure of sub-trajectory clustering [7].

Fig. 4. The stepwise approach of discovering initial UT-patterns.

Fig. 6. Dimensionality reduction for locations within a particular cluster.
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[8], [9], which was proven to be reliable. The similarity func-
tion takes two line segments and measures (i) the perpendic-
ular distance, (ii) the parallel distance, and (iii) the angle
distance between them. Similar techniques have been widely
used for measuring the difference between line segments in
the area of pattern recognition [21]. Note that, since the sim-
ilarity function is applied on the ðlocation; timeÞ-space, its
value represents both spatial and temporal similarity.

4.4.2 Goodness Criteria

To maximize data compression, a set of UT-patterns should
possess two desirable properties: preciseness and conciseness.
Preciseness means that the difference between a reference
movement and a set of its trajectory partitions should be as
small as possible. Conciseness means that the number of ref-
erence movements should be as small as possible.

Preciseness and conciseness are rivalrymeasures. If all tra-
jectory partitions are represented by only one pattern as in
Fig. 7a, preciseness may become lowest, but conciseness
becomes highest. In contrast, if every trajectory partition is
represented by its own pattern as in Fig. 7c, preciseness
becomes highest, but conciseness becomes lowest. Thus,
we need to find a good tradeoff between the two properties
as in Fig. 7b.

Example 3. The trajectory partitions in Fig. 3 are represented
on the ðlocation; timeÞ-space as in Fig. 8. They span the
same space but do not span the same time period. Thus,

the three shaded groups take different positions of the
time axis. To optimize data compression, it is obvious
that each group should become a separate UT-pattern.

4.4.3 MDL Cost Function

The MDL cost consists of two components [18]: LðHÞ and
LðDjHÞ. Here,H means the hypothesis, andD the data. The
two components are informally stated as follows [18]:
“LðHÞ is the length, in bits, of the description of the hypoth-
esis; and LðDjHÞ is the length, in bits, of the description of
the data when encoded with the help of the hypothesis.”
The best hypothesis H to explain D is the one which mini-
mizes the sum of LðHÞ and LðDjHÞ.

The MDL principle fits very well our problem. H corre-
sponds to a set of UT-patterns, and D to the set of trajectory
partitions. As a result, finding a good set ofUT-patterns trans-
lates to finding the best hypothesis using the MDL principle.
The notation for this formulation is summarized in Table 1.

DESCRIPTION COMPLEXITY. LðHÞ is formulated by Eq. (1).
The first term is required to describe the number of UT-pat-
terns. Here, log� is the universal code length for integers.1

The second term is required to describe the set of reference
movements. If there are numpat reference movements,
ð2 � numpatÞ endpoints need to be encoded. The code length
for an endpoint is log2 ðnumloc � numtimeÞ because it is
selected from ðnumloc � numtimeÞ points

LðHÞ ¼ log� ðnumpatÞ þ 2 � numpat � log2 ðnumloc � numtimeÞ:
(1)

CODE LENGTH. LðDjHÞ is formulated by Eq. (2). The first
term encodes the number of trajectory partitions within the

ith UT-pattern. The second termCð Ri
�!

;LiÞ encodes the simi-
larities of the trajectory partitions with respect to the
reference movement in the ith UT-pattern. By Shannon’s
classical information theory, the data can be encoded in
�log2 pðxÞ bits when pðxÞ is the probability of occurrence of
x [22]. It is usually assumed that the distance between a refer-
ence object and an object conforms to a certain probability

distribution such as a Gaussian distribution Nð0; s2Þ [23]

and an exponential distribution Exponentialð1Þ ¼ �e��x

ð� ¼ 1Þ [24]. The third term encodes a parameter for the
probability distribution. Finally, LðDjHÞ is obtained by sum-
ming up the three terms of everyUT-pattern (1 � i � numpat)

LðDjHÞ ¼
Xnumpat

i¼1

�
log� jLij þ Cð Ri

�!
;LiÞ þ CðuiÞ

�
: (2)

Fig. 7. Preciseness and conciseness between two extreme cases.

Fig. 8. The UT-patterns derived from Fig. 3.

TABLE 1
The Notation for the MDL Cost

SYMBOL DEFINITION

numpat the number of UT-patterns
numloc the number of unique starting and ending

locations of trajectory partitions
numtime the number of unique starting and ending

times of trajectory partitions

Ri
�! the reference movement for the ith UT-pattern

ð1 � i � numpatÞ
Li the set of trajectory partitions belonging to the

ith UT-pattern

distð Ri
�!

; LjÞ the similarity of a trajectory partition Lj to the
reference movement ð1 � j � jLij) (defined in
Section 4.4.1)

Cð Ri
�!

;LiÞ the code length of trajectory partitions in the ith
UT-pattern

CðuiÞ the code length of a probability parameter for
the ith UT-pattern

1. It can be shown that log� ðnÞ ¼ log2 cþ log2 nþ log2 log2 nþ � � �,
where the sum only includes positive terms and c � 2:865 [22]. If n is
large, log� ðnÞ � log2 n.
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Cð Ri
�!

;LiÞ forNð0; s2Þ is formulated byEq. (3), and that for
Exponetialð1Þ by Eq. (4). In addition, CðuiÞ for the former is
1
2 log2jLij, and that for the latter is zero. For Nð0; s2Þ, one
parameter s needs to be encoded.2 Actually, a proper proba-
bility distribution depends on the application and data set.
Our experience indicates that when Exponetialð1Þ is used,

Cð Ri
�!

;LiÞ increases more rapidly as distðÞ increases. Thus,
it tends to generate a larger number of UT-patterns than

Nð0; s2Þ

Cgð Ri
�!

;LiÞ ¼
X
Lj2Li

� log2
1ffiffiffiffiffiffi
2p

p
s
exp � distð Ri

�!
; LjÞ2

2s2

 !
(3)

Ceð Ri
�!

;LiÞ ¼
X
Lj2Li

� log2 expð�distð Ri
�!

; LjÞÞ: (4)

As mentioned before, our objective is to find the set of
UT-patterns that minimizes LðHÞ þ LðDjHÞ. This is exactly
the tradeoff between conciseness and preciseness in the
sense that LðHÞ measures the degree of conciseness, and
LðDjHÞ that of preciseness. Although theoretically pleasing,
our problem is computationally expensive: since even the
optimal numpat is unknown, it is required to find the best
set for every possible cardinality. Thus, an approximate
algorithm is developed in the next section.

4.5 An Approximate Algorithm

Algorithm 2 shows an approximate algorithm for generat-
ing an initial set of UT-patterns. It receives a set of trajectory
partitions that belong to the same sub-trajectory cluster and
returns a set of UT-patterns. Notice that the patterns
retrieved here are either time-constrained or time-relaxed.

At the beginning, one UT-pattern containing all trajec-
tory partitions is assumed to exist (Lines 1 � 2). The algo-
rithm progressively refines the set of UT-patterns by
splitting one of them as long as the MDL cost decreases.
Among the current set of UT-patterns, the algorithm selects
the one that has the maximum code length (Line 4) and
splits it into two splits (Lines 5 � 15). When splitting a UT-
pattern, the algorithm selects the pair ðLp; LqÞ of trajectory
partitions that are the most dissimilar (Line 6) and assigns
the remaining ones to the more similar one from Lp and Lq

(Lines 8 � 15). By Lemma 1, this split always decreasesP
Cð Ri
�!

;LiÞ in LðDjHÞ. However, the description complex-
ity LðHÞ evidently increases. If this split decreases the MDL
cost (¼ LðHÞ þ LðDjHÞ), the same procedures are repeated.

Lemma 1. CðR1
i

�!
;L1

i Þ þ CðR2
i

�!
;L2

i Þ � Cð Ri
�!

;LiÞ, where Li ¼
L1
i [ L2

i .

Proof. The code length Cð Ri
�!

;LiÞ monotonically decreases
as the distance between a trajectory partition and a refer-
ence movement does. If a reference movement is added,
some trajectory partitions must be closer to the added
one than to the rest and thus can be encoded using a
smaller number of bits. The equality holds only when

either L1
i or L

2
i is empty. tu

Algorithm 2. Initial Pattern Generation

INPUT: A set L of trajectory partitions in a cluster C
OUTPUT: A set P of initial UT-patterns
1: L1 (L, R1

�!( DeriveRefMovement(L1);
2: P ( fhR1

�!
;L1ig;

3: repeat
4: Choose themth UT-pattern from P, where

m ¼ argmax

hRm
�!

;Lmi2P

CðRm
�!

;LmÞ;

5: /* Split themth UT-pattern into two splits */
6: Choose the pair of trajectory partitions, where

ðLp; LqÞ ¼ argmax
Lp;Lq2Lm

distðLp; LqÞ;

7: /* Distribute t-partitions of Lm into two */
8: Lp

m ( ;, Lq
m ( ;;

9: for each Li 2 Lm do
10: if distðLi; LpÞ < distðLi; LqÞ then
11: Lp

m ( Lp
m [ fLig;

12: else
13: Lq

m ( Lq
m [ fLig;

14: end if
15: end for
16: /* Derive a reference movement for each split */

17: Rp
m

�!( DeriveRefMovement(Lp
m);

18: Rq
m

�!( DeriveRefMovement(Lq
m);

19: /* Replace themth pattern by the new ones */

20: P0 ( P � fhRm
�!

;Lmig [ fhRp
m

�!
;Lp

mi; hRq
m

�!
;Lq

mig;
21: /* Check if LðHÞ þ LðDjHÞ decreases */
22: ifMDLðP0Þ < MDLðPÞ then
23: P ( P0;
24: end if
25: untilMDLðP0Þ 	 MDLðPÞ
26: Return the set P of initial UT-patterns;

27: function DeriveRefMovement(Lk):
28: /* Consider each t-partition as a candidate */
29: Rk ( fL j 8L 2 Lkg;
30: /* Find the one that minimizes the code length */
31: Return the sth candidate Rs

k

�!
, where

s ¼ argmin

Rs
k

�!
2Rk

C
�
Rs

k

�!
;Lk

�
;

32: end function

The function DeriveRefMovement (Lines 27 � 32) is
called to derive a reference movement for a UT-pattern.
Simply, each trajectory partition becomes a candidate for
the reference movement. Among these candidates, the
function picks the one that minimizes the code length

CðRk
�!

;LkÞ.

Lemma 2. The time complexity of Algorithm 2 isOðnumpat � n2Þ,
where n is the number of trajectory partitions in a particular
sub-trajectory cluster.

Proof. The algorithm exits the loop after executing Lines 4 �
24 numpat times. At each iteration, the algorithm checks
every pair of trajectory partitions of a UT-pattern in
Lines 6, 17, and 18. tu

2. If a parameter u is unknown, one could estimate it from the data
and then apply Shannon’s theory with the unknown u replaced by its

estimate û. A maximum likelihood estimate computed from n data
points can be effectively encoded by 1

2 log2 n bits [22].
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4.6 Interpretation of UT-Patterns

To quantify the temporal proximity in a UT-pattern, we
introduce the notion of the temporal cohesion and formally
define it in Definition 1. Basically, it is the Pearson prod-
uct-moment correlation coefficient between location and
time. The correlation coefficient is being widely used as
a measure of the strength of linear dependence between
two variables. Following the notation of the correlation
coefficient, the temporal cohesion is denoted by r. By
definition, r gives a value between �1 and þ1 inclusive.
The closer to j1j, the stronger the temporal cohesion is.

The correlation coefficient aims at measuring how close
the timestamps at the same location are with each other. If
these timestamps are very close with each other, linear
dependence between location and time should be very
strong. If each moving object visited the same location at
different timestamps, points in the (location, time)-space
would spread widely over the time axis, resulting in weak
linear dependence. Thus, the correlation coefficient is found
to be suitable for our problem.

Definition 1. Consider the set Li of trajectory partitions in UTi.
For a given trajectory partition Lj, Lj:start loc and Lj:start

time denote its starting location and time, respectively. Con-
sider a set of ðx; yÞ points constructed as fðLj:start loc;

Lj:start timeÞ j 8Lj 2 Lig. Then, the temporal cohesion of
UTi is the Pearson product-moment correlation coefficient [25]
defined as Eq. (5). Here, n means jLij which is the number of
trajectory partitions in UTi

r ¼
Pn

i¼1ðXi �XÞðYi � Y ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1ðXi �XÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1ðYi � Y Þ2

q : (5)

The type of a UT-pattern is determined by its temporal
cohesion according to Table 2. Since the temporal
cohesion is based on the correlation coefficient, we
adopt a guideline for the interpretation of the correlation
coefficient [26]. However, this guideline should not be
observed too strictly because the interpretation depends
on the context and purposes.

Example 4. Suppose UTi consists of five trajectory partitions
Li ¼ fð1; 2Þð5; 5Þ; ð2; 2Þð6; 5Þ; ð3; 2Þð7; 5Þ; ð4; 3Þð6; 6Þ; ð5; 6Þ
ð7; 8Þg. Then, the temporal cohesion is 0.82 byDefinition 1.
This pattern is categorized as time-constrained per our
guideline in Table 2 and means that the five objects have
moved very closely together.

5 GRANULARITY ADJUSTMENT

5.1 Pattern Forest

Although the initial set best captures the underlying patterns
of trajectory partitions according to the MDL cost, some

users may still want to find smaller (finer) or larger (coarser)
patterns. This requirement motivates the phase of granu-
larity adjustment. Example 5 discusses one application
example for animalmonitoring.

Example 5. Animal scientists want to focus on some regions
when investigating animal behaviors. If they find an
interesting pattern from a specific region (e.g., in a val-
ley), they may like to zoom in the region to see multiple
finer-granularity patterns. In this way, they study the
impact of regional environments on animal behaviors in
the animal’s habitat. On the other hand, animal scientists
investigate animal behaviors for different granularities of
time. They may like to see seasonal patterns as well as
daily patterns. Please refer to [27] as an example of this
kind of study.

To this end, a pattern forest is introduced in Defini-
tion 2, which is a set of trees of UT-patterns. As shown
by Fig. 9, it is constructed by splitting and merging UT-
patterns: smaller patterns are obtained by splits, and
larger ones by mergers.

Definition 2. A pattern forest FR is an undirected graph
ðV; EÞ. Here, v 2 V is a UT-pattern; e 2 E represents either a
split or merge relationship.

1) FR is the set of trees T i (1 � i � numtree), each con-
sisting of the vertexes Vi 
 V and the edges Ei 
 E.
numtree denotes the number of such trees in the pattern
forest. Each Vi is a component of V (i.e., 8i 6¼ j;Vi \
Vj ¼ ; and

S
Vi ¼ V); each Ei is a component of E

(i.e., 8i 6¼ j; Ei \ Ej ¼ ; and
S

Ei ¼ E).
2) The vertexes for the initial UT-patterns are called the

base vertexes. The set of base vertexes is denoted by
Vbase 
 V.

Definitions 3 and 4 describe the split and merge opera-
tions in the context of the pattern forest.

Definition 3. A split of a UT-pattern (vertex) v 2 V is adding
two vertexes u;w and two edges ðv; uÞ; ðv; wÞ. That is, a split
makes a new pattern forest FRnew such that Vnew ¼ fu;wg [
V and Enew ¼ fðv; uÞ; ðv; wÞg [ E.

Definition 4. A merger of two UT-patterns (vertexes) u;w 2 V
is adding one vertex v and two edges ðv; uÞ; ðv; wÞ. That is, a
merger makes a new pattern forest FRnew such that Vnew ¼
fvg [ V and Enew ¼ fðv; uÞ; ðv; wÞg [ E.

Split and merger of UT-patterns are semantically analo-
gous to drill-down and roll-up [25] widely used in OLAP.
However, the operations in our problem are more

TABLE 2
Three Types of UT-Patterns

CORRELATION TEMPORAL COHESION TYPE

None jrj < 0:1 Time-independent
Small 0:1 � jrj < 0:3 Time-relaxed
Medium 0:3 � jrj < 0:5 Time-relaxed
Large jrj 	 0:5 Time-constrained

Fig. 9. Construction of the pattern forest from initial UT-patterns.
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complicated since the drill-down and roll-up dimensions
are not specified by users but are automatically determined
to be either location or time. This choice is cleanly formu-
lated using the almost same information-theoretic formula
as in the previous phase. Moreover, as far as we know, there
has been no work for automatically building concept hierar-
chies for spatio-temporal patterns.

5.2 OLAP-Like Operations

5.2.1 Drill-Down Operation

Drill-down is done only if a split decreases the MDL cost just
like Algorithm 2. Its main purpose is to derive multiple
time-constrained (or smaller time-relaxed) patterns from a
time-relaxed pattern. The drill-down dimension is selected
automatically so as to minimize the MDL cost. The condi-
tion for a split is presented in Definition 5.

Definition 5. Consider a UT-pattern UTi ¼ h Ri
�!

;Lii. Let

UT 1
i ¼ hR1

i

�!
;L1

i i and UT 2
i ¼ hR2

i

�!
;L2

i i be two UT-patterns

satisfying L1
i [ L2

i ¼ Li and L1
i \ L2

i ¼ ;. If MDLðfUTigÞ >
MDLðfUT 1

i ; UT
2
i gÞ; UTi can be split into UT 1

i and UT 2
i .

Here,MDLðÞ denotes the sum of Eqs. (1) and (2).

There can be many choices to split UTi into UT 1
i and UT 2

i

with satisfying the requirements in Definition 5. Basically, it
is preferable to obtain the split that minimizes MDL

ðfUT 1
i ; UT

2
i gÞ. Thus, we use the heuristic for determining a

set of initial UT-patterns. More specifically, UT 1
i and UT 2

i

are generated by performing Lines 5 � 18 of Algorithm 2. In
addition, the reference movement for a new UT-pattern
is obtained by the same method DeriveRefMovement in
Algorithm 2 throughout the paper.

5.2.2 Roll-Up Operation

Roll-up is the reverse operation of drill-down. The condition
for a merger is presented in Definition 6. A relaxation factor g
is introduced since the merger does not decrease the MDL
cost. g designates the amount of sacrificing preciseness for
conciseness. Empirically, g ’ 0:95works well in most cases.

Definition 6. Consider two UT-patterns UTi ¼ h Ri
�!

;Lii and

UTj ¼ hRj
�!

;Lji. Let UTij ¼ hRij
�!

;Li [ Lji be a merger of UTi

and UTj. If g �MDLðfUTijgÞ < MDLðfUTi; UTjgÞ (0 < g <

1), UTi and UTj can be merged into UTij.

5.3 A Construction Algorithm

Algorithm 3 summarizes the procedure of constructing a
pattern forest. This algorithm is self-explanatory. The first
half is the drill-down phase, and the second half the roll-up
phase. The drill-down phase precedes the roll-up phase just
for following the order of presentation.

Lemma 3. The time complexity of Algorithm 3 is Oðm2Þ, where
m is the number of initial UT-patterns.

Proof. Let d be the maximum depth of a given pattern forest
FR. During the drill-down phase, the algorithm repeats

at most mþ 2 �mþ � � � þ 2d�1 �m times. During the roll-

up phase, the algorithm repeats at most ðm2 Þ þ ð
m
2
2
Þ þ � � � þ

ð
m

2d�1

2
Þ times. Thus, the time complexity is dominated by

the roll-up phase (Lines 12� 23), and it becomesOðm2Þ. tu

One might wonder why the UT-patterns that were not
split in Algorithm 2 could be split in Algorithm 3. Please
note that the MDL formulation for Algorithm 3 is slightly
different from that for Algorithm 2. Only a single pattern is
considered each time in Algorithm 3 (Lines 4 � 5), whereas
the set P of all patterns is considered in Algorithm 2. As a
result, splitting a specific pattern here is not affected by the
costs of other patterns.

Algorithm 3. Pattern Forest Construction

INPUT: A set Pall of initial UT-patterns
OUTPUT: A pattern forest FR
1: FR( Pall;Q(Pall; /* Q is a queue */
2: /* 1. DRILL-DOWN */
3: while Q 6¼ ; do
4: Pop a UT-pattern UTi fromQ;
5: if UTi can be split into UT 1

i and UT 2
i by Definition 5 then

6: Push UT 1
i and UT 2

i intoQ;
7: /* Update the pattern forest */
8: Add two vertexes for UT 1

i and UT 2
i into FR;

9: Add two edges for ðUTi; UT
1
i Þ and ðUTi; UT

2
i Þ into FR;

10: end if
11: end while
12: /* 2. ROLL-UP */
13: /* Pc is a set of UT-patterns in the cth cluster */
14: for each Pc 
 Pall do
15: for each pair of UTi 2 Pc and UTj 2 Pc do
16: if UTi and UTj can be merged into UTij by Definition 6

then
17: Add UTij into Pc;
18: /* Update the pattern forest */
19: Add one vertex for UTij into FR;
20: Add two edges for ðUTij; UTiÞ and ðUTij; UTjÞ into

FR;
21: end if
22: end for
23: end for
24: Return the pattern forest FR;

6 EXPERIMENTAL EVALUATION

6.1 Experimental Setting

REAL-WORLD DATA SETS. Two real data sets of animal move-
ments3 are used for our experiments. By the Starkey Project,
radio-telemetry locations of animals were collected in north-
eastern Oregon. Deer’s trajectories from April to August in
1995 and elk’s trajectories from May to August in 1993 are
selected for pattern discovery. The deer data set has 32
trajectories and 20,065 points, and the elk data set 33 trajec-
tories and 47,204 points. Each point consists of a real
coordinate (location) and a timestamp: a coordinate is repre-
sented using the UTM coordinate system; a timestamp is the
time when the coordinate was recorded, which is the cumu-
lative number of minutes that have elapsed since the Green-
wich Mean Time of 00 :00 :00 on 12/31/87.

SYNTHETIC DATA SET 1. For accuracy test in Section 6.3, a
given number of UT-patterns are injected into a sub-trajec-
tory cluster. In each UT-pattern, a set of moving objects

3. http://www.fs.fed.us/pnw/starkey/data/tables/
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traverse much the same path with the interarrival times fol-
lowing a Gaussian distribution Nðm; s2Þ. The time periods
of UT-patterns are disjoint, and a time gap exists between
consecutive UT-patterns. Overall, to simulate different
movement characteristics, we vary the number of UT-pat-
terns, the number of trajectories, the variance of interarrival
times, and the time gap between UT-patterns.

SYNTHETIC DATA SET 2. For scalability test in Section 6.4,
large-scale synthetic data sets are generated using the net-
work-based generator of moving objects [28]. The map of
San Francisco is used for data generation. The base data set
has 20,000 trajectories, and each trajectory contains 231
points on average. Thus, the data set has about 4.6 million
points in total, which is sufficiently large to verify scalability.
This base (1�) data set is replicated by 2�5 times to generate
larger data sets having 9.2 (2�), 13.8 (3�), 18.4 (4�), and
23.0 (5�) million points, respectively. More than one thou-
sand initial UT-patterns are detected from the base data set.

Exponentialð1Þ is used for modeling the code length. The
best value of the rate parameter of the exponential distribu-
tion was found empirically to be unity [24]. The relaxation
factor g, which is related to only roll-up operations, is set to
be 0:95. The lower the value of g is, the more the UT-pat-
terns are merged by roll-up. A value between in ½0:90; 0:95�
works well in most cases. In addition, two parameters for
sub-trajectory clustering are set using the heuristic pro-
posed by Lee et al. [7], e.g., " ¼ 39;MinLns ¼ 8 for the deer
data set and " ¼ 34;MinLns ¼ 9 for the elk data set. If other
values are used for " or MinLns, some useful UT-patterns
could be missing, due to inappropriate sub-trajectory clus-
tering, as discussed in Appendix C (available in the online
supplemental material).

All experiments are conducted on a Linux server with a
quad-core processor and 16 GBytes of main memory. The
clock speed of the processor is 2.13 GHz. Ubuntu 12.04 runs
on this server. Everything is implemented in C++ using gcc
version 4.6.3.

6.2 UT-Patterns from Real Data Sets4

6.2.1 A Deer Data Set

Four sub-trajectory clusters are discovered as in Fig. 10, and
each two have similar traces in the opposite directions

indicated by red and orange colors. The percentage of non-
noise objects after clustering is 59.6 percent. Unless the per-
centage of non-noise objects is too low, the usefulness of the
resulting UT-patterns indeed depends on the data set and
application. Twenty nine initial UT-patterns are discovered
in total from the four clusters. Two UT-patterns UT1 and
UT5 from C1 are displayed as well. They overlap in space,
but not in time. UT1 in blue color is time-constrained, and
UT5 in cyan color time-relaxed.

To avoid redundant explanation, the results for only C1

and C2 are shown in Figs. 11 and 12. Two sub-figures in
the left column are obtained after the first phase (initial
pattern discovery), and those in the right column after
the second phase (granularity adjustment). The UT-pat-
terns (i.e., sets of trajectory partitions) are displayed
in the ðlocation; timeÞ-space. Here, a color and line
type (either solid or dashed) represents a UT-pattern. A
black line segment indicates its reference movement.
These figures are not the output of the framework, but are
presented to give the reader a better understanding of
drill-down and roll-up operations. The final output is a

set of UT-patterns of the form UTi ¼ h Ri
�!

;Lii, each of
which is optionally classified into one of the three types,
or a set of movement paths on a map with their values of
the temporal cohesion.

Fig. 11 shows a set of UT-patterns from C1 before and
after drill-down. Drill-down continues as long as there
exists a UT-pattern satisfying Definition 5. Fig. 11b is the
snapshot obtained when drill-down is no longer applicable.
Two UT-patterns UT4 and UT5 in Fig. 11a are split into

(UT 1
4 ; UT

2
4 ) and (UT 1

5 ; UT
2
5 ) in Fig. 11b, respectively. The

drill-down dimension is automatically chosen so that the
MDL cost is minimized: UT4 is split along the time dimen-
sion, and UT5 along the location dimension. Due to this

drill-down, two smaller time-relaxed patterns UT 1
5 and UT 2

5

are derived from a time-relaxed pattern UT5. It is observed

that rðUT 1
5 Þ ¼ 0:36 and rðUT 2

5 Þ ¼ 0:49, showing that the tem-
poral cohesion increases by the drill-down.

Fig. 12 shows a set of UT-patterns from C2 before and
after roll-up. Roll-up continues as long as there exists a pair
of UT-patterns satisfying Definition 6. Fig. 12b is the snap-
shot obtained when roll-up is no longer applicable. Two
UT-patterns UT1 and UT2 in Fig. 12a are merged into one
UT-pattern UT12 in Fig. 12b. Due to this roll-up, one larger

Fig. 10. Sample UT-patterns for the deer data.
Fig. 11. Drill-down on C1 in Fig. 10.

4. We kindly recommend the reader to see color images in the elec-
tronic file.
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time-relaxed pattern is derived from one time-independent
pattern and one time-constrained pattern. It is observed
that rðUT1Þ ¼ 0:02; rðUT2Þ ¼ 0:56, and rðUT12Þ ¼ 0:13. When
we decrease the value of g from 0:95 to 0:90; UT3 and UT8,
which are the two topmost UT-patterns in Fig. 12, are
merged. This merger looks reasonable since the two UT-pat-
terns overlap in time and space. Afterward no more merger
happened until g ¼ 0:80. Thus, we confirm that reasonable
mergers take place with a value of g between 0:90 and 0:95.

6.2.2 An Elk Data Set

Eighteen sub-trajectory clusters are discovered, and they are
used as the basis of pattern discovery. The percentage of
non-noise objects after clustering is 39.0 percent. Forty-nine
initial UT-patterns are discovered in total from the 18 clus-
ters. The detailed results for the elk data set was moved to
Appendix D (available in the online supplemental material)
because of space limitations.

6.2.3 Usefulness of the Pattern Forest

An example is given to show usefulness of the pattern forest
in the real world. Let’s look at the drill-down result of
Fig. 11. Fig. 13a shows the UT-pattern UT5 overlaid on a sat-
ellite image, which is generated by Google Earth. The deer
in this UT-pattern move from southwest to northeast, and

UT5 is split into UT 1
5 and UT 2

5 . Fig. 13b zooms in the rectan-
gle of Fig. 13a to show a detailed look of the boundary

between UT 1
5 and UT 2

5 .
It is worth noting that “Nat for Dev Rd 460” divides UT5

into UT 1
5 and UT 2

5 . The trajectory partitions of UT 1
5 are

located on the right of the road, and those of UT 2
5 on the left

of the road. A user would not know that a herd of deer
moved at both sides of the road if the user did not look into
every pattern including UT5. Due to a possibly large number
of patterns, checking everything could be very tedious. In
contrast, after performing drill-down, the user can easily

notice that UT5 is divided into UT 1
5 and UT 2

5 by checking the
pattern forest. Thus, the user conjectures that there must be
something in UT5 and will examine it in more detail. Then,
the user finds out that Rd 460 impacted greatly on the move-
ments of the deer. This kind of information is known to be
valuable in studying animal behaviors.

6.3 Accuracy Results

6.3.1 Approximation Error

Since Algorithm 2 is an approximate algorithm, we would
like to empirically show that the approximation error is neg-
ligible. In Fig. 14, for each cluster from the elk data set, the
first bar indicates the MDL cost of the approximate solution,
and the second bar indicates that of the optimal solution.
The approximation error, which is the difference between
the two bars, is shown to be very small—3.58 percent on the
average. Here, only small clusters whose size is less than 25
are selected, because it is not feasible to find the optimal
solution for a large cluster owing to an enormous number5

of possible partitions of a cluster.

6.3.2 Accuracy of UT-pattern Discovery

To show that UT-Pattern Mine works well for diverse data
sets with different movement characteristics, we use syn-
thetic data sets created by varying four control parameters,
as described in Section 6.1. We generate a sub-trajectory
cluster seven times per the values of the control parameters.
We measure the accuracy of UT-pattern discovery and
report the average of the five numbers excluding the mini-
mum and maximum numbers. Here, the accuracy is defined
as the ratio of the number of the trajectory partitions allo-
cated to the correct UT-pattern to the total number of trajec-
tory partitions in a cluster. This set of experiments was
done using Synthetic Data Set 1.

In the three plots of Fig. 15, the accuracy increases as the
number of UT-patterns decreases. The probability that a tra-
jectory partition is allocated to the correct UT-pattern is
higher when there are fewer UT-patterns. The accuracy was
mostly 100 percent when the number of UT-patterns per

Fig. 12. Roll-up on C2 in Fig. 10.

Fig. 13. Detailed investigation of a drill-down result in the deer data.

Fig. 14. Approximation Error of Algorithm 2.

5. For example, the number of the partitions of a set whose cardinal-
ity is 26 reaches 49631246523618756274, which is practically impossible
to enumerate all of them. Please refer to the Bell numbers for details.
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cluster was less than or equal to 6. Overall, the accuracy was
very high (80 � 100 percent) for various settings except a
few unusual cases.

Fig. 15a shows the effect of the number of trajectories
per cluster on accuracy. Intuitively, a larger number of
trajectories per cluster implies stronger support for the
existence of patterns since the cluster is a group of similar
sub-trajectories. When the number of trajectories was
about 500, the accuracy was kept close to 100 percent
until the number of UT-patterns became 10. This property
that handles larger clusters well is indeed desirable in the
big data era.

Fig. 15b shows the effect of the variation of timestamps
on accuracy. Interarrival times were generated to follow a
Gaussian distribution Nðm; s2Þ; ½m� 3s;mþ 3s� accounts
for about 99.7 percent of the interarrival times by definition.
If s is very small, the ith timestamp is roughly i � m. On the
other hand, as s gets larger, moving objects reach similar
locations at more diverse times. Thus, pattern discovery is
more demanding when the variation is large, and the accu-
racy drops more rapidly with the growing number of UT-
patterns when s becomes larger.

Fig. 15c shows the effect of the temporal gap between
successive UT-patterns on accuracy. The length of a gap
was varied between 1.0 � 3.0 times of that of a UT-pattern.
The accuracy drops more rapidly with the growing number
of UT-patterns when the gap becomes smaller. This is
because the UT-patterns become less discriminable when
the gap is small.

6.4 Performance Issues and Scalability Results

By taking advantage of recent hardware trends, our proto-
type has improved to run in parallel on multiple cores (i.e.,
threads) so that it efficiently supports large-scale data sets.
The unifying framework has a very nice property for paral-
lelization. After constructing sub-trajectory clusters,

subsequent operations are executed separately for each
cluster. Thus, each cluster naturally becomes a unit of a
task, and each task is assigned to a thread.

Please recall that there are three components of UT-
Pattern Mine in Algorithm 1: sub-trajectory clustering
(Lines 2 � 3), Initial Pattern Generation (Lines 4 � 9), and
Pattern Forest Construction (Lines 12 � 13). The time com-
plexity of the first component is Oðn log nÞ since a spatial
index is used for finding a neighborhood in sub-trajectory

clustering; however, that of the second component is Oðn2Þ
by Lemma 2.

This parallelization accelerates the two components
executed after sub-trajectory clustering, thus solving the
scalability issue of the most problematic component,
Initial Pattern Generation, of the time complexity Oðn2Þ. Sub-
trajectory clustering is not improved by parallelization, but
its time complexity Oðn log nÞ is already reasonable. Four
threads are created for experiments since our server is
equipped with a quad-core CPU. Each thread alternatively
takes a cluster and works for the cluster.

Processing time is measured separately for sub-trajectory
clustering and Initial Pattern Generation + Pattern Forest
Construction. It is hard to divide the latter into the two com-
ponents since they run in parallel. The former is denoted by
tclustering, and the latter by tinitialþforest. This set of experiments
was done using Synthetic Data Set 2.

Fig. 16a shows the effect of the number of threads on
processing time and memory footprint in the 1� data set.
The parallelization is shown to improve performance signif-
icantly: tinitialþforest improves by 3.59 times as the number of
threads increases from 1 to 4. tclustering, however, remains
constant since sub-trajectory clustering is not parallelized.
The speed-up ratio is expected to increase further as the
number of CPU cores increases. Memory footprint also
increases linearly as the number of threads increases,
because more threads consume memory concurrently.

Fig. 15. Accuracy of finding UT-patterns.

Fig. 16. Scalability of the unifying framework.
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Fig. 16b shows the effect of the data size on processing
time and memory footprint. tclustering increases almost line-
arly, whereas tinitialþforest exhibits quadratic growth as the
data size increases. Please note that this quadratic growth
will lessen as the degree of parallelism increases by using more
CPU cores. Since Initial Pattern Generation receives only the
trajectory partitions included in clusters, its processing time
is affected by the proportion of trajectory partitions belong-
ing to clusters, i.e., the percentage of non-noise objects. This
percentage is 61.1 percent in Fig. 16b. In addition, memory
footprint increases proportionally to the data size.

Fig. 16c shows the effect of the percentage of non-noise
objects on processing time and memory footprint in the 1�
data set. The value of the parameter " is set differently to
control the percentage of non-noise objects. It can be
regarded that spatial constraints become more strict as this
percentage decreases. tinitialþforest gets shorter as the per-
centage decreases since more trajectory partitions are fil-
tered out early on. This verifies the effectiveness of the
stepwise approach in Section 4.1. Moreover, when the per-
centage is small (e.g., below 50 percent), the quadratic
growth of tinitialþforest may not be a big issue. In addition,
memory footprint is not affected by the percentage because
memory consumption during sub-trajectory clustering is
dominant in the entire process.

6.5 Comparison with Flock Patterns

We finally compare our UT-patterns with the flock
patterns (classified as time-constrained). There are several
variations of flock patterns, and we adopt the definition
proposed by Benkert et al. [14] and Gudmundsson and
Kreveld [15].6 Since it is impossible to do an apples-to-
apples comparison between the two different methods, we
just would like to claim that the flock patterns are some-
times too restrictive to find useful patterns. This restrictive-
ness indeed shows the necessity of a unifying framework.

Table 3 shows the number of flock patterns found in the
deer data set. As the minimum number of objects (m)
increases or the minimum duration (k) increases, a smaller
number of flock patterns are found. When m becomes
greater than 5, no flock pattern is found from the data set.
That is, no information is available on large patterns involv-
ing more than five objects. Please note that MinLns ¼ 8 is
used for our unifying framework, thereby enabling us to
find UT-patterns involving eight or more objects—i.e., with
harder constraints on the number of trajectories. From this
quick observation, we believe that detecting only flock pat-
terns can result in loss of some useful patterns. The

visualization of the flock patterns is available in Appendix
E (available in the online supplemental material).

Table 4 shows that a similar result is obtained for the elk
data set. MinLns ¼ 9 is used for our unifying framework,
and 49 UT-patterns are found.

7 CONCLUSIONS

A unifying framework for mining UT-patterns has been
proposed in this paper. Based on this framework, a pattern
mining algorithm UT-Pattern Mine has been developed.
The main advantage of the algorithm is the detection of the
trajectory patterns of various temporal tightness: time-con-
strained, time-relaxed, and time-independent. The algo-
rithm first discovers initial UT-patterns using the intuitive
information-theoretic principle of maximizing data com-
pression and then constructs a pattern forest by drill-down
and roll-up to discover more patterns. Experiments using
real-world data sets show that UT-Pattern Mine easily dis-
covers various types of trajectory patterns. Its accuracy is
shown to be very high (80 � 100 percent) for various move-
ment characteristics. Its performance has improved by par-
allelization on multi-core CPUs to support large-scale data
sets. Overall, we believe that our framework has good
usability since users do not have to pay attention to the
types of trajectory patterns hidden in their data sets.
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